Abstract -This paper presents accurate solutions for nonlinear transcendental equations of the selective harmonic elimination technique used in three-phase PWM inverters feeding the induction motor by particle swarm optimization (PSO). With the proposed approach, the required switching angles are computed efficiently to eliminate low order harmonics up to the 23 rd from the inverter voltage waveform, whereas the magnitude of the fundamental component is controlled to the desired value. A set of solutions and the evaluation of the proposed method are presented. The obtained results prove that the algorithm converges to a precise solution after several iterations. The salient contribution of the paper is the application of the particle swarm algorithm to attenuate successfully any undesired loworder harmonics from the inverter output voltage. The current paper demonstrates that the PSO is a promising approach to control the operation of a three-phase voltage source inverter with a selective harmonic elimination strategy to be applied in induction motor drives.
Introduction
Selective harmonic elimination (SHE) is a well-known technique for generating PWM signals that can eliminate specific low-order harmonics from a voltage waveform generated by a voltage-source inverter (VSI). Although the method has long been established [1] - [3] and is reported in numerous papers, SHE is gaining new attention [4] - [12] due to the advancement in digital signal processing tools that permit the implementation of such algorithms. In addition, SHE is a viable alternative to other PWM techniques when the inverter frequency ratio is limited to a small value, as in the case of high-speed ac drives.
The main challenge associated with the SHE technique is how to obtain analytical solutions of the nonlinear transcendental equations that contain trigonometric terms [5] . Traditional analytical methods for solving the SHE problem are conducted based on the Newton Raphson method. The method requires proper initial values to converge to a proper solution. Moreover, it is based on differential information that will produce a local minimum solution leading to an undesirable PWM pattern.
In [8] , and [9] complicated Walsh functions are utilized to solve the SHE problem, taking into consideration the concept of quarter wave symmetry. The method results in a set of algebraic matrix equations. The calculation of the optimal switching angles is a complex and time-consuming operation.
Recently, non-traditional methods based on evolutionary algorithms, such as Genetic Algorithms (GA) [10] , [11] and Ant Colony Systems (ACS) [12] , have been employed for inverter harmonic elimination. These algorithms are shown to be superior to the calculus-based approach. In [11] , the authors utilized GA to generate an optimal pulse pattern to suppress the 5th and 7 th harmonics in a PWM inverter. In [12] , the authors developed an algorithm for selective harmonic elimination based on the foraging behavior of a colony of ants. The authors reported that the convergence of ACS to the optimal solution is faster than that of GA.
In [13] , the same author of this paper utilized the PSO to compute efficiently the switching angles of SHE in singlephase inverters only.
In the current paper, the PSO technique is employed for harmonic elimination in a three-phase VSI inverter feeding a squirrel cage induction motor. The proposed system is studied using Matlab, and its toolboxes (Simulink -Power system block set). The switching angles are obtained for the entire possible range of modulation index (between 0 and 0.9). To evaluate the proposed method, the THD and objective function are computed for different values of the amplitude modulation index. The harmonic spectra of the motor line-line voltage and current are also illustrated. The obtained simulation results prove that the method is efficient in removing the undesired low-order harmonics.
Formulation of the SHE Problem
The power circuit of a three-phase VSI is shown in Fig. 1 .
Under the SHE switching technique, the normalized phase voltage V a0 with respect to the fictitious dc center tap has a generalized waveform, as shown in Fig. 2 . The output voltage is assumed to have nine pulses per half-cycle, with symmetrical switching angles around π/2. 
where n has only odd values. The Fourier coefficients of the V a0 are computed by the following equation:
For K = 8, Eq. (2) has 8 variables ( α 1 to α 8 ).
As the 3 rd harmonic and other triplen harmonics do not exist when the neutral point is isolated , n takes the odd values 5, 7, 11, 13, 17, 19 , and 23.
Thus, the following equations should be solved simultaneously to obtain the proper switching angles.
To control the magnitude of the 1 st harmonic ( M ∈ [0, 0.9]):
To eliminated the undesired low-order odd harmonics:
3. Overview of PSO
Introduction
PSO is a kind of evolutionary computation technique proposed by [16] . It is reliable in solving nonlinear problems with multiple optima. PSO is utilized for optimizing nonlinear functions based on the metaphor of the social behavior of a flock of birds searching for corn through social cooperation with the other birds around it (not by each individual). In PSO, each particle in a swarm represents a solution to the problem, and it is defined by its position and velocity [17] . The particles are placed in a search space of a certain problem or function. With each particle, an objective function is calculated at its current location. All of the particles have fitness values based on their position and velocities that direct the flight of the particles. PSO is initialized with a group of random particles (solutions), and then it searches for optima by updating generations. In every iteration, each particle is updated by following two best values [18] . The first one is the best solution the particle has achieved so far called local best (L). The second best value tracked by the algorithm is the best value obtained so far by any particle within the neighborhood called global best (G). After determining the two best values, the particle updates its velocity and position with following equations:
( 1)
where w is the inertia weight factor; v i (k) is the particle velocity at iteration k; x i (k) is the particle position in the search space at iteration k; c 1 and c 2 are positive constants called acceleration constants; and r 1 and r 2 are random numbers in between (0,1). Thus, the particles go through the problem space by following some simple rules.
Steps of the PSO Algorithm
The PSO algorithm has the following steps: 1. Random Initialization of PSO parameters 2. Computation of the objective function at the initial position 3. Updating the position and velocity using Eqs. 5 and 6 4. Evaluation of the updated position; the local best (L) and global best (G) particles are updated. 5. Repeating the algorithms for the fixed number of itera-tions 6. Obtaining the best obtained values of (G) 
The objective function F is subjected to the following constrain:
0 < α 1 < α 2 < α 3 < α 4 < α 5 < α 6 < α 7 < α 8 < π/2 (8)
Simulation Results
The proposed PSO-based method is used to eliminate the low-order odd harmonics rd from the inverter voltage waveform for any desired value of the 1 st harmonic in the permissible range of modulation index M. In this section, the complete solution of switching angles is presented. All other presented results are registered for M = 0.5 as a case study. Table 1 summarizes the parameters used in the PSO algorithm to solve the SHE problem. Table 2 presents the simulation parameters used with the three-phase VSI feeding a three-phase static inductive load. The corresponding evolution of the objective function is plotted in Fig. 4 . According to the obtained result, the PSO algorithm converged to the solution after 30 iterations. Table 3 illustrates the obtained set of solution for M = 0.5. Moreover, the corresponding amplitudes of the loworder harmonics to be removed are computed. The results are presented in Table 4 . According to the obtained results, the PSO method minimizes the objective function to a satisfactory value (1.76e-6). The low-order harmonics are well attenuated, and the amplitude of the 1 st harmonic is set to the desired value at the same time. 
Case Study I: Three-phase star connected (R-L) load
The simulation parameters of the three-phase balanced R-L load are presented in Table 2 . The generated control signals S 1 , S 3, and S 5 of the upper transistors of the three-phase inverter bridge are plotted in Fig. 5 . The resultant inverter phase-neutral voltage V an is plotted in Fig. 6 , whereas the line-line voltage V ab is illustrated in Fig. 7 . To evaluate the performance of the proposed method, the harmonic spectrum of inverter phase-neutral voltage V an is investigated. The results are plotted in Fig. 8 . According to the obtained results, the low-order harmonics up to 23 are well attenuated. The nearest component to the fundamental is the 25 th harmonic, which is not eliminated. The harmonic spectrum verifies the capability of the PSO algorithm to determine efficiently the required switching angles to implement the SHE strategy. The three-phase inverter is loaded with a symmetrical star connected inductive load whose parameters are given in Table 2 . The steady state three-phase load currents are shown in Fig 10. The corresponding harmonic spectrum is computed and plotted in Fig. 11 . 
Case Study II: Three-phase star connected squirrel cage induction motor (IM)
In this section, the PSO-based solution is tested with a three-phase squirrel-cage induction motor drive with the following ratings: 4 kW, 400 V/50 Hz, and 1430 rpm. The parameters of the IM are indicated in Appendix 1, whereas the mathematical model of the squirrel IM is presented in Appendix 2.
The inverter dc input voltage is adjusted to 537 V as the output of three-phase uncontrolled bride rectifier fed from a three-phase ac supply of 380 V/50 Hz. The load torque is set to 10 N.m.
The overall system consists of a three-phase VSI-fed induction motor drive. The system is modeled and simulated using the Sim Power System under Matlab as a circuit based model.
In Fig. 12 , the inverter phase-neutral voltage V an is plotted for M = 0.5 and fundamental frequency of 50 Hz. The line-line voltage V ab is plotted in Fig. 13 . To evaluate the performance of the proposed method, the harmonic spectrum of inverter line-line voltage V ab is investigated. The results are plotted in Fig. 14 .
According to the obtained results, the low-order harmonics up to 23 are removed from the spectrum, proving the success of the proposed PSO solution. However, the 25 th harmonic component exists in the harmonic spectrum of inverter output voltage with relatively high magnitude compared with the fundamental.
The existence of such harmonic is not harmful in the case of the inductive load or in the ac motor drive considering the fact that the motor has a low-pass filter effect on the waveform of the current. Under the same operating condition, the steady state ac motor currents drawn from the inverter are shown in Fig.  16 . The corresponding harmonic spectrum of the phase current i a is plotted in Fig. 17 . As shown in Fig. 17 , the high-order harmonics 25 th , 47 th , and 49 th are attenuated due to the low-pass filter nature of the motor to the current waveform. The steady state stator flux locus is plotted in Fig. 18 . The path is quasi circular due to the limited number of notches in the inverter voltage applied to the machine. In Fig. 19 , the steady state waveform of the electromagnetic torque is presented. Fig. 20 prove that the PSO technique succeeded in minimizing the objective functions for the entire range of the modulation index M. As indicated in Fig. 20 , the minimized objective function decreased to a very small value near zero. The worst observed value was 6.25e-5, as shown in Fig. 20 for M = 0.4. In addition, the algorithm of the PSO converges to the solution after several iterations, which do not exceed 65 iterations in the worst case.
Computation of the harmonics at different values of the modulation index M
The magnitude of the Fourier coefficients of the loworder harmonics of interest is computed at different values of the modulation index based on the solution of switching angles obtained from the PSO algorithm. The system can be implemented by applying any one of the following techniques: (1) Off-line solution of equations and computation of the switching angles (2) Online computation
In the first approach, the PSO algorithm computes (offline) the required switching angles as a function of the desired fundamental component. The obtained results are stored in look-up-tables (LUT). The implementation of the method is easy and does not require special data acquisition cards. However, the accuracy of the method is determined by the size of the LUT. Extended LUTs can be used to consider many of the possible operating points. In the second approach, a high-speed digital signal processor can be employed to carry out the PSO algorithm online.
Conclusion
In the current paper, the PSO-based algorithm is determined with a high-precision set of solutions of switching angles with a relatively high speed convergence.
PSO can be used successfully to control the operation of three-phase VSIs that feed induction motor drives. The fundamental component of the output voltage has the desired magnitude, eliminating several selected harmonics The results, which are formulated in Table 5 , verify the capability of the PSO to solve the SHE problem. 
